Abstract. In this paper, we shall discuss possible theories of defining equivariant singular Bott-Chern classes and corresponding uniqueness property. By adding a natural axiomatic characterization to the usual ones of equivariant Bott-Chern secondary characteristic classes, we will see that the construction of Bismut's equivariant Bott-Chern singular currents provides a unique way to define a theory of equivariant singular Bott-Chern classes. This generalizes J. I. Burgos Gil and R. Liţcanu's discussion to the equivariant case. As a byproduct of this study, we shall prove a concentration formula which can be used to prove an arithmetic concentration theorem in Arakelov geometry.
Introduction
The Bott-Chern secondary characteristic classes were introduced by R. Bott and S. S. Chern. They can be used to solve the problem that the Chern-Weil theory is not additive for short exact sequence of hermitian vector bundles. More precisely, assume that we are given a short exact sequence ε : 0 → E ′ → E → E ′′ → 0 of hermitian vector bundles on a compact complex manifold X. Then the alternating sum of Chern character forms ch(E ′ ) − ch(E) + ch(E ′′ ) is not equal to 0 unless this sequence is orthogonally split. A Bott-Chern secondary characteristic class associated to ε is an element ch(ε) ∈ A(X) (cf. Section 2) satisfying J.-M. Bismut, H. Gillet and C. Soulé's construction of Bott-Chern secondary classes (cf. [1] ) forces it to satisfy other two properties (ii). (Functoriality) f * ch(ε) = ch(f * ε) if f : X ′ → X is a holomorphic map of complex manifolds.
(iii). (Normalization) ch(ε) = 0 if ε is orthogonally split.
It has been shown that the three properties above are already enough to characterize a theory of Bott-Chern secondary characteristic classes. The same thing goes to the Chern-Weil theory in the equivariant case. We shall recall these results in Section 2 for the convenience of the reader.
In [3] , J.-M. Bismut, H. Gillet and C. Soulé defined the Bott-Chern singular currents in order to solve a similar differential equation as in (i) with respect to the resolution of hermitian vector bundle associated to a closed immersion of complex manifolds. Later in [4] , J.-M. Bismut generalized this topic to the equivariant case. Precisely speaking, let G be a compact Lie group and let i : Y → X be a G-equivariant closed immersion of complex manifolds with hermitian normal bundle N . Suppose that η is an equivariant hermitian vector bundle on Y and that ξ. is a complex of equivariant hermitian vector bundles providing a resolution of i * η on X whose metrics satisfy Bismut assumption (A). Then, fixing an element g ∈ G, J.-M. Bismut can construct a singular current T g (ξ.) ∈ D(X g ) which is a sum of (p, p)-type currents satisfying g (N )) − k (−1) k ch g (ξ k ). As in the case of Bott-Chern secondary characteristic classes, it can be shown that T g (ξ.) also satisfies other two properties (ii'). (Functoriality) f * g T g (ξ.) = T g (f * ξ.) if f : X ′ → X is a G-equivariant holomorphic map of complex manifolds which is transversal to Y .
(iii') (Normalization) T g (ξ.) = − ch g (ξ.) if Y is the empty set.
Naturally, one hopes that such three properties are enough to characterize a theory of equivariant singular Bott-Chern classes. But unfortunately this is not true, T g (ξ.) is not the unique element which satisfies the properties (i'), (ii') and (iii') even in the current class space U (X g ).
For the non-equivariant case i.e. when G is the trivial group, J. I. Burgos Gil and R. Liţcanu have obtained a satisfactory axiomatic characterization of singular Bott-Chern classes in their article [5] . They realized this by adding a natural fourth axiom to the properties (i'), (ii') and (iii') (removing the subscript g) which is called the condition of homogeneity. In this paper, we will do the equivariant version. Our strategy is basically the same as that was used in J. I. Burgos Gil and R. Liţcanu's article. By deforming a resolution to a easily understandable one, we show that a theory of equivariant singular Bott-Chern classes is totally determined by its effects on Koszul resolutions (cf. Theorem 6.1). This approach can be viewed as an analogue of J.-M. Bismut, H. Gillet and C. Soulé's axiomatic construction of Bott-Chern secondary characteristic classes.
The original purpose of the author's study of the uniqueness property of equivariant singular Bott-Chern classes is that he wants to prove a purely analytic statement which is called the concentration formula. Such a formula plays a crucial role in the proof of an arithmetic concen-tration theorem in Arakelov geometry. We shall formulate this result in the last section of this paper.
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Equivariant secondary characteristic classes
To every hermitian vector bundle on a compact complex manifold we can associate a smooth differential form by using Chern-Weil theory. Notice that Chern-Weil theory is not additive for short exact sequence of hermitian vector bundles, the Bott-Chern secondary characteristic classes cover this gap. In this section, we shall recall how to generalize all these things above to the equivariant setting, namely for a compact complex manifold X which admits a holomorphic action of a compact Lie group G.
Let g ∈ G be an automorphism of X, we denote by X g = {x ∈ X | g · x = x} the fixed point submanifold. X g is also a compact complex manifold. Let E be an equivariant hermitian vector bundle on X, this means that E admits a G-action which is compatible with the G-action on X and that the metric on E is invariant under the action of G. If there is no additional description, a morphism between equivariant vector bundles will be a morphism of vector bundles which is compatible with the equivariant structures. It is well known that the restriction of an equivariant hermitian vector bundle E to X g splits as a direct sum
where the equivariant structure g E of E acts on E ζ as ζ. We often write E g for E 1 and denote its orthogonal complement by E ⊥ . As usual, A p,q (X) stands for the space of (p, q)-forms Γ ∞ (X, Λ p T * (1,0) X ∧ Λ q T * (0,1) X), we define
(A p,p (X)/(Im∂ + Im∂)).
We denote by Ω E ζ the curvature matrix associated to E ζ . Let (φ ζ ) ζ∈S 1 be a family of GL(C)-invariant formal power series such that φ ζ ∈ C[[gl rkE ζ (C)]] where rkE ζ stands for the rank of E ζ which is a locally constant function on X g . Moreover, let φ ∈ C[[ ζ∈S 1 C]] be any formal power series. We have the following definition.
Definition 2.1. The way to associate a smooth form to an equivariant hermitian vector bundle E by setting
is called an equivariant Chern-Weil theory associated to (φ ζ ) ζ∈S 1 and φ. The class of φ g (E) in A(X g ) is independent of the metric.
The theory of equivariant secondary characteristic classes is described in the following theorem.
Theorem 2.2. To every short exact sequence ε : 0 → E ′ → E → E ′′ → 0 of equivariant hermitian vector bundles on X, there is a unique way to attach a class φ g (ε) ∈ A(X g ) which satisfies the following three conditions:
(i). φ g (ε) satisfies the differential equation
(ii). for every equivariant holomorphic map f :
; (iii). φ g (ε) = 0 if ε is equivariantly and orthogonally split.
Proof. Firstly note that one can carry out the principle of [1, Section f.] to construct a new exact sequence of equivariant hermitian vector bundles
on X × P 1 such that i * 0 ε is isometric to ε and i * ∞ ε is equivariantly and orthogonally split. Here the projective line P 1 carries the trivial G-action and the section i 0 (resp. i ∞ ) is defined by setting i 0 (x) = (x, 0) (resp. i ∞ (x) = (x, ∞)). Then one can show that an equivariant secondary characteristic class φ g (ε) which satisfies the three conditions in the statement of this theorem must be of the form
So the uniqueness has been proved. For the existence, one may take this identity as the definition of the equivariant secondary class φ g , of course one should verify that this definition is independent of the choice of the metric h E and really satisfies the three conditions above. The verification is totally the same as the non-equivariant case, one just add the subscript g to every corresponding notation.
Another way to show the existence is to use the non-equivariant secondary classes on X g directly. We first split ε on X g into a family of short exact sequences
for all ζ ∈ S 1 . Using the non-equivariant secondary classes on X g we define for ζ, η ∈ S 1
and similarly for other finite sums and products. With these notations we define φ g (ε) := φ((φ ζ ) ζ∈S 1 )((ε ζ ) ζ∈S 1 ). The equivariant secondary class φ g defined like this way satisfies the three conditions in the statement of this theorem, this fact follows from the axiomatic characterization of non-equivariant secondary classes.
Remark 2.3. (i).
The first way to construct equivariant secondary characteristic classes is also valid for long exact sequences of hermitian vector bundles
Here the sign is chosen so that
That means there exists an exact sequence ε on X × P 1 such that i * 0 ε is isometric to ε and i * ∞ ε is equivariantly and orthogonally split. This new exact sequence is called the first transgression exact sequence of ε and will be denoted by tr 1 (ε).
(ii). The first part of this remark gives a uniqueness theorem for secondary classes for long exact sequences. Then when φ g is additive one can have another way to construct the secondary classes, that is to split a long exact sequence into a series of short exact sequences and use the secondary classes in Theorem 2.2 to formulate an alternating sum. This alternating sum provides a secondary class for original long exact sequence.
We now give some examples of equivariant character forms and their corresponding secondary characteristic classes. (ii). The equivariant Todd form Td g (E) :=
. As in [11, Thm. 10.
det( 1
).
(iii). Let ε : 0 → E ′ → E → E ′′ → 0 be a short exact sequence of hermitian vector bundles.
The secondary Bott-Chern characteristic class is given by ch g (ε) = ζ∈S 1 ζ ch(ε ζ ).
(iv). If the equivariant structure g ε has the eigenvalues ζ 1 , · · · , ζ m , then the secondary Todd class is given by
Remark 2.5. One can use Theorem 2.2 to give a proof of the statements (iii) and (iv) in the examples above. Lemma 2.6. Let ε be an acyclic complex of equivariant hermitian vector bundles. Then for any non-negative integer k we have
Proof. This follows from the construction of ε[−k] which is obtained by shifting degree.
A particular secondary class when we consider a fixed vector bundle with two different hermitian metrics will be used frequently in our paper, so we formulate it separately in the following definition.
Definition 2.7. Let E be an equivariant vector bundle on X. Assume that h 0 and h 1 are two invariant hermitian metrics on E. We denote by φ g (E, h 0 , h 1 ) the equivariant secondary characteristic class associated to the short exact sequence
The following proposition describes the additivity of equivariant secondary characteristic classes.
′′ 3 / / 0 0 0 0 be a double complex of equivariant hermitian vector bundles on X where all rows ε i and all columns δ j are exact. Then we have
Proof. We may have the corresponding diagram of hermitian vector bundles on X × P 1 by the first construction in the proof of Theorem 2.2. Then
Remark 2.9. This proposition can be generalized without any difficulty to the case of a bounded exact sequence of bounded exact sequences of equivariant hermitian vector bundles. Let A * , * be such a double acyclic complex, we have
Corollary 2.10. Let A * , * be a bounded double complex of equivariant hermitian vector bundles with exact rows and exact columns, then we have
Proof. For any non-negative integer n we denote by Tot n = Tot((A k, * ) k≥n ) the total complex of the exact complex formed by the rows with index bigger than n − 1. Then Tot 0 = Tot(A * , * ).
By an argument of induction, for each k ≥ 0 we have an exact sequence of complexes
which is orthogonally split in each degree. Therefore by Proposition 2.8 and Remark 2.9 we get
By induction, when k is taken to be big enough we prove the statement.
Cohomology of currents with fixed wave front sets
This section is devoted to recall the results of [5, Section 4] and to derive some standard consequences.
To be more precise, we recall that there is a classic theorem concerning the complex of currents on a compact complex manifold which says that its cohomology groups are isomorphic to the cohomology groups of the complex of smooth forms. In this section, we shall prove a similar theorem for the currents with any fixed wave front set. This theorem implies a certain ∂∂-lemma.
Let X be a compact complex manifold of dimension d. Then the space A n (X) of C ∞ complex valued n-forms on X is a topological vector space with Schwartz topology (cf. [16, Chapter IX]). We denote by D n (X) the continuous dual of A n (X) which is called the space of currents of dimension n on X. Note that X is a complex manifold, we have the following decomposition
and Dolbeault operators ∂ :
All things above induce corresponding notations for D n (X) as follows
and Dolbeault operators ∂ ′ :
Here the differential d ′ should be understood as for any
. We now give two basic examples of currents which will be used frequently. 
where Y ns is the subset of non-singular points in Y . Note that δ Y actually belongs to
Example 3.2. We may have the following products
Actually for T ∈ D n (X), α ∈ A m (X), we denote their product by T ∧ α, and if β ∈ A n−m (X), the product is defined by (T ∧ α)(β) = T (α ∧ β).
In particular, we have a map from A p,q (X) to 
We would like to indicate that, more generally, if α is a L 1 -form i.e. α has coefficients which are locally integrable then [α] is a well-defined current.
In fact, for α ∈ A n (X) and β ∈ A d−n−1 (X), by Stokes theorem we will have
The same conclusions can be obtained for ∂ and ∂. And one should notice that this commutativity induces a family of morphisms at the level of cohomology with respect to ∂, ∂ and d. These morphisms are actually isomorphisms.
The wave front set WF(η) of a current η is a closed conical subset of T * R X 0 := T * R X\{0}, the real cotangent bundle removed the complete zero section. This conical subset measures the singularities of η, actually the projection of WF(η) in X is equal to the singular locus of the support of η. It also allows us to define certain products and pull-backs of currents. Let S be a conical subset of T * R X 0 and let D * (X, S) stand for the spaces consisting of all currents whose wave front sets are contained in S. Now suppose that P is a differential operator with smooth coefficients, then we have WF(P • η) ⊆ WF(η) by [12, (8.1.11) ]. This means
Let f : Y → X be a morphism of compact complex manifolds. The set of normal directions of f is
This set measures the singularities of the morphism f . Actually, if f is smooth then N f = 0 and if f is a closed immersion then N f is the conormal bundle
Theorem 3.4. Let f : Y → X be a morphism of compact complex manifolds which is transversal to S. Then there is a unique way to extend the pull-back f * :
Proof. This follows from [12 
is exact, the other one is that the sheaves A p, * X admit partitions of unity so that H k (X, A p, * X ) = 0 for k > 0. Note that the sheaves D p, * X,S may be multiplied by C ∞ functions, hence they also admit partitions of unity. Therefore one can carry out the principle of the sheaf-theoretic proof of Dolbeault theorem to prove that
is exact. Such a Dolbeault theorem for currents implies our statements in this corollary. Indeed, the complex of sheaves above is really exact, the exactness at 0-degree is just the regularity theorem for the ∂-operator (cf. [8, Page 380] ) and the exactness at higher degrees is implied by the ∂-Poincaré lemma, Theorem 3.5.
Remark 3.7. One can prove the similar results for ∂−cohomology and de Rham cohomology, namely the natural morphisms H * ,p (A * ,p
X be the sheaf of currents of type (p, * ) on X, then the natural morphisms
Proof. This follows from Corollary 3.6. This Corollary implies the following ∂∂-lemma. Theorem 3.9. Let X be a compact complex manifold and let S be a closed conical subset of T * R X 0 . Then: (i). If γ is a current on X such that ∂∂γ ∈ D * (X, S), then there exist currents α and β such that γ = ω + ∂α + ∂β with ω ∈ D * (X, S).
(ii). If ω is an element in D * (X, S) such that ω = ∂u + ∂v for currents u and v, then there exist currents α, β ∈ D * (X, S) such that ω = ∂α + ∂β.
Proof. (i).
The hypothesis ∂∂γ = η with η ∈ D * (X, S) implies that η = ∂(∂γ) and hence η = ∂α for some α ∈ D * (X, S). So ∂(∂γ − α) = 0 and ∂γ − α = β + ∂γ 1 with β ∈ D * (X, S). So we know that
. By repeating this argument we get a sequence of currents γ n such that ∂γ n = u n + ∂γ n+1 with u n ∈ D * (X, S).
Note that if we assume that γ n ∈ D p,q (X), then γ n+1 should be in D p−1,q+1 (X) by construction. So when n is big enough we have γ n+1 = 0. Therefore ∂γ n = u n is contained in D * (X, S), hence γ n = ω n + ∂β n with ω n ∈ D * (X, S). So ∂(γ n−1 + ∂β n ) = u n−1 + ∂ω n is contained in D * (X, S), and therefore γ n−1 = ω n−1 + ∂α n−1 + ∂β n−1 with ω n−1 ∈ D * (X, S). By repeating this argument we are done.
(ii). If ω = ∂u + ∂v, then ∂ω = ∂∂v which implies that v = α + ∂x + ∂y with α ∈ D * (X, S) by (i). So we have ∂v = ∂α + ∂∂x. Similarly ∂u = ∂β + ∂∂z with β ∈ D * (X, S). Therefore ω = ∂α+∂β +∂∂(z −x). Again by (i), z −x = γ +∂s+∂t with γ ∈ D * (X, S). So ∂∂(z −x) = ∂∂γ which implies that ω = ∂(α + ∂γ) + ∂β.
Deformation to the normal cone
By a projective manifold we shall understand a compact complex manifold which is projective algebraic, that means a projective manifold is the complex analytic space X(C) associated to a smooth projective variety X over C. Denote by µ n the diagonalisable group variety over C associated to Z/nZ, we say X is equivariant if it admits a µ n -projective action (cf. [14, Section 2]). Write X µn for the fixed point subscheme, by GAGA principle, X µn (C) is equal to X(C) g where g is the automorphism on X(C) corresponding to a fixed primitive n-th root of unity. From now on, if no confusion arises, we shall not distinguish between X and X(C) as well as X µn and X g .
In this section, we shall describe the algebro-geometric preliminaries for the discussion of the uniqueness of equivariant singular Bott-Chern classes. Our main tool is an elegant method so called the deformation to the normal cone which allows us to deform a resolution of hermitian vector bundle associated to a closed immersion of projective manifolds to a simpler one. This will help us to formulate the analytic data (e.g. the secondary characteristic class) of the original resolution by using the corresponding analytic data of the new one. This process is just like the first construction we mentioned in the proof of Theorem 2.2.
The first part of this section is devoted to recall the deformation to the normal cone technique which can be found in several standard literatures, for example in [2, Section 4]. The second part is devoted to the equivariant analogue.
Let i : Y ֒→ X be a closed immersion of projective manifolds. We will denote by N X/Y the normal bundle of this immersion. For a vector bundle E on X or Y , the notation P(E) will stand for the projective space bundle Proj(Sym(E ∨ )).
Definition 4.1. The deformation to the normal cone W (i) of the immersion i is the blowing up of X × P 1 along Y × {∞}. We shall just write W for W (i) if there is no confusion about the immersion.
We denote by p X (resp. p Y ) the projection X × P 1 → X (resp. Y × P 1 → Y ) and by π the blow-down map W → X × P 1 . We also denote by q X (resp. q Y ) the projection X × P 1 → P 1 (resp. Y × P 1 → P 1 ) and by q W the composition q X • π. It is well known that the map q W is flat and for t ∈ P 1 , we have
where X is isomorphic to the blowing up of X along Y and P is isomorphic to the projective completion of N X/Y i.e. the projective space bundle
which is called the zero section embedding. Moreover, let j : Y × P 1 → W be the canonical closed immersion induced by i × Id, then the component X doesn't meet j(Y × P 1 ) and the intersection of j(Y × P 1 ) and P is exactly the image of Y under the section i ∞ .
where Q is the tautological quotient bundle. This exact sequence and the inclusion
. By duality we get a morphism Q ∨ → O P , and this morphism induces the following exact sequence
where n is the rank of Q. Note that i ∞ is a section of π P i.e. π P • i ∞ = Id, the projection formula implies the following definition.
Definition 4.2. For any vector bundle F on Y , the following complex of vector bundles
This complex is called the Koszul resolution of i ∞ * F and will be denoted by K(F, N X/Y ). If the normal bundle N X/Y admits some hermitian metric, then the tautological exact sequence induces a hermitian metric on Q. If, moreover, the bundle F also admits a hermitian metric, then the Koszul resolution is a complex of hermitian vector bundles and will be denoted by K(F , N X/Y ).
We now summarize the most important result about the application of the deformation to the normal cone. Theorem 4.3. Let i : Y ֒→ X be a closed immersion of projective manifolds, and let W = W (i) be the deformation to the normal cone of i. Assume that η is a hermitian vector bundle on Y and ξ. is a complex of hermitian vector bundles which provides a resolution of i * η on X. Then there exists a complex of hermitian vector bundles tr 1 (ξ.) on W such that
(iii). the restriction of tr 1 (ξ.) to X is orthogonally split; (iv). the restriction of tr 1 (ξ.) to P fits an exact sequence of resolutions on P
where A. is orthogonally split and K(η, N X/Y ) is the hermitian Koszul resolution;
(v). when Y = ∅, tr 1 (ξ.) is the first transgression exact sequence introduced in Remark 2.3;
(vi). Let f : X ′ → X be a morphism of projective manifolds which is smooth or transversal to Y . Formulate the following Cartesian square
Proof. If E is a vector bundle on X, we shall denote by E(i) the vector bundle on X × P 1 given by
. Now let C. be the complex of vector bundles on X × P 1 given by
. Let y be a section of O P 1 (1) vanishing only at infinity, then on X × (P 1 \{∞}) we may construct a family of inclusions of vector bundles
On the other hand, define a complex of vector bundles D.
where π is the blow-down map. Then tr 1 (ξ.) is defined as the kernel of φ.
Over π −1 (X ×(P 1 \{∞})) we shall endow tr 1 (ξ.) i with the metric induced by the identification with ξ i . And over π −1 (X × (P 1 \{0})) we shall endow tr 1 (ξ.) i with the metric induced by C i . Finally we glue together these two metrics by a partition of unity so that we get a hermitian metric on tr 1 (ξ.). We refer to [2, Section 4] for the proof of the statement that the complex of hermitian vector bundles tr 1 (ξ.) constructed in the way above really satisfies those conditions in our theorem.
Remark 4.4. (i).
Assume that X is a µ n -equivariant projective manifold and E is an equivariant locally free sheaf on X. Then according to [13, (1.4) and (1.5)], P(E) admits a canonical µ nequivariant structure such that the projection map P(E) → X is equivariant and the canonical bundle O(1) admits an equivariant structure. Moreover, let Y → X be an equivariant closed immersion of projective manifolds, according to [13, (1.6) ] the action of µ n on X can be extended to the blowing up Bl Y X such that the blow-down map is equivariant and the canonical bundle O(1) admits an equivariant structure. So the constructions of blowing up and the deformation to the normal cone are both compatible with the equivariant setting.
(ii). Furthermore, by endowing P 1 with the trivial action, we would like to reformulate all results in this section especially Theorem 4.3 in the equivariant setting. We first claim that the constructions of all vector bundles and bundle morphisms in Theorem 4.3 also fit the equivariant setting. This follows from the fact that they are all constructed canonically. For more details, see [7, may not be valid for the equivariant case so that the local method used in the proof of the statement that the restriction of tr 1 (ξ.) to X is orthogonally split is not compatible with the equivariant setting. We have to formulate relative results and proofs in a different way.
Lemma 4.5. Let X be a µ n -equivariant projective manifold, then the category of coherent µ nmodules on X is an abelian category. A complex of µ n -equivariant coherent sheaves on X is exact if and only if the underlying complex of O X -modules is exact.
Proof. This follows from [13, Lemma 1.3].
Lemma 4.6. Let X be a µ n -equivariant projective manifold. In other words, X is a projective manifold which admits an automorphism g of order n. Assume that
is a short exact sequence of equivariant hermitian vector bundles on X. If the underlying sequence of hermitian vector bundles is orthogonally split, then ε is equivariantly and orthogonally split on X.
Proof. Denote by f the bundle morphism E → F , by assumption f is equivariant. Since the underlying sequence of hermitian vector bundles is orthogonally split, there exists a bundle morphism h from F to E such that f • h = Id F and F is isometric to its image under this morphism h. We recall that the g-structure on E (resp. F ) is an isometry σ E : g * E → E (resp. σ F : g * F → F ) which satisfies certain associativity properties. We define a g-action on the morphisms of equivariant bundles as follows. Let u : M → N be a morphism of equivariant bundles, then
which is still a morphism from M to N . By definition, u is equivariant if and only if g • u = u. One can easily check that g • (g • u) = g 2 • u. Now since the morphisms f and Id F are both equivariant, we compute
. Replacing g by g k from k = 2 to k = n, we get a meaningful average of h and it satisfies the following identity
is an equivariant section of f which still makes F isometric to its image, so we are done.
Remark 4.7. In general, if the action on X is not of finite order or the base field of X has characteristic dividing n then the proof given for Lemma 4.6 fails. Nevertheless, we can show that ε is always equivariantly and orthogonally split on X g . Actually, the problem that ε may not be equivariantly and orthogonally split on the whole manifold X arises because h may not be equivariant. Note that on the fixed point submanifold X g , the morphism h | (F | Xg ) is equivariant if and only if it maps F ζ into E ζ for any ζ ∈ S 1 . But this is rather clear because f is equivariant and the restriction of f • h on F | Xg is exactly the identity map on F | Xg . So we are done.
Together with Lemma 4.5, Lemma 4.6 and Remark 4.4, we have the following theorem which is an analogue of Theorem 4.3 in the equivariant setting.
Theorem 4.8. Let i : Y ֒→ X be an equivariant closed immersion of equivariant projective manifolds, and let W = W (i) be the deformation to the normal cone of i. Assume that η is an equivariant hermitian vector bundle on Y and ξ. is a complex of equivariant hermitian vector bundles which provides a resolution of i * η on X. Then there exists a complex of equivariant hermitian vector bundles tr 1 (ξ.) on W such that
(iii). the restriction of tr 1 (ξ.) to X is equivariantly and orthogonally split; (iv). the restriction of tr 1 (ξ.) to P fits an equivariant exact sequence of equivariant resolu-
where A. is an equivariantly and orthogonally split complex, K(η, N X/Y ) is the hermitian Koszul resolution;
(vi). Let f : X ′ → X be an equivariant morphism of equivariant projective manifolds which is smooth or transversal to Y . Formulate the following Cartesian square
and denote by f W the induced morphism from W ′ = W (i ′ ) to W , then we have
To end this section, we recall some basic facts concerning the relation between equivariant setting and non-equivariant setting. Their proofs can be found in [14, Section 2 and 6.2]. (ii). the natural morphism from the deformation to the normal cone W (i g ) to the fixed point submanifold W (i) g is a closed immersion, this closed immersion induces the closed immersions
(iv). the closed immersion i ∞,g factors through P(N Xg /Yg ⊕ O Yg ) and the other components
Equivariant singular Bott-Chern classes
Assume that X is a µ n -equivariant projective manifold and S is a closed conical subset of T * R X 0 , we fix the following notations: is called an equivariant hermitian embedded vector bundle. Notice that an exact sequence of equivariant hermitian vector bundles on X is a particular case of equivariant hermitian embedded vector bundle.
Definition 5.
2. An equivariant singular Bott-Chern class for an equivariant hermitian embedded vector bundle Ξ = (i, N , η, ξ.) is a class H ∈ U (X g ) such that
Note that the current
, we would like to control the singularities of the Bott-Chern class so that they are contained in the same wave front set and we may do the pull-backs of currents in certain situations. Theorem 3.9 allows us to do this. Proposition 5.3. Let Ξ = (i, N , η, ξ.) be an equivariant hermitian embedded vector bundle, then any equivariant singular Bott-Chern class for Ξ belongs to U (X g , N ∨ g,0 ).
Proof. Firstly, note that Theorem 3.8 (ii) implies that the natural map from U (X g , N ∨ g,0 ) to U (X g ) is injective. Then the statement in this proposition does make sense and it follows from Theorem 3.8 (i). Now assume that f : X ′ → X is an equivariant morphism of projective manifolds which is transversal to Y . We formulate the following Cartesian square
Since h * N is isomorphic to the normal bundle of the immersion i ′ (which implies that their restrictions to the fixed point submanifolds are also isomorphic to each other) and f * ξ. provides a resolution of i ′ * h * η on X ′ , we know that the notation f * Ξ = (i ′ , h * N , h * η, f * ξ.) does make sense. Moreover, we conclude that h * g N g is isomorphic to the normal bundle of i ′ g . Then by Proposition 5.3 and Theorem 3.4, for any equivariant singular Bott-Chern class H for Ξ, the pull-back f * g H is well-defined. To every equivariant hermitian embedded vector bundle Ξ = (i : Y → X, N , η, ξ.), we may associate two new equivariant hermitian embedded vector bundles. One is tr 1 (Ξ) := (j :
) concerning the construction of the deformation to the normal cone, the other one is Ξ Kos : N ) ) concerning the construction of the Koszul resolution.
Moreover, the direct sum of an equivariant hermitian embedded vector bundle Ξ = (i : Y → X, N , η, ξ.) with an exact sequence ε of equivariant hermitian vector bundles on X is defined as Ξ ⊕ ε := (i : Y → X, N , η, ξ. ⊕ ε).
Definition 5.4. Let Σ be a set of equivariant hermitian embedded vector bundles. We say that Σ satisfies the condition (Hui) if (i). any exact sequence of equivariant hermitian vector bundles on an equivariant projective manifold belongs to Σ and Σ is closed under the operation of taking direct sum with an exact sequence of equivariant hermitian vector bundles;
(ii). for any element Ξ = (i : Y → X, N , η, ξ.) ∈ Σ and for every equivariant morphism f : X ′ → X of projective manifolds which is transversal to Y , we have f * Ξ ∈ Σ.
(iii). for any element Ξ = (i : Y → X, N , η, ξ.) ∈ Σ, the associated equivariant hermitian embedded vector bundles tr 1 (Ξ) and Ξ Kos both belong to Σ.
Definition 5.5. Let Σ be a set of equivariant hermitian embedded vector bundles which satisfies the condition (Hui). A theory of equivariant singular Bott-Chern classes for Σ is an assignment which, to each Ξ = (i : Y → X, N , η, ξ.) ∈ Σ, assigns a class of currents
satisfying the following properties. 
(ii). (Functoriality) For every equivariant morphism f : X ′ → X of projective manifolds which is transversal to Y , we have 
where ch g is the equivariant Bott-Chern secondary characteristic class associated to ch g .
(ii). According to Definition 5.4, the properties (ii) and (iii) described in the definition above are reasonable.
Throughout the rest of this section we shall assume that Σ is a suitable set (big enough) of equivariant hermitian embedded vector bundles and we shall also assume the existence of a theory of equivariant singular Bott-Chern classes for Σ. We first show the compatibility of equivariant singular Bott-Chern classes with exact sequences and equivariant Bott-Chern secondary characteristic classes.
We fix an equivariant closed immersion i : Y ֒→ X of projective manifolds. Let
be an exact sequence of equivariant hermitian vector bundles on Y , and assume that we are given a family of equivariant hermitian embedded vector bundles {Ξ j = (i, N , η j , ξ j,· )} n j=0 which fit the following commutative diagram
with exact rows. For each k, we write ε k for the exact sequence
Proposition 5.7. Let notations and assumptions be as above, then we have the following equality in U(X g )
Proof. According to Theorem 4.8 (v), we have the first transgression exact sequences tr 1 (χ) on P 1 Y and tr 1 (ε k ) on P 1 X for each k. Denote by l : P 1 Y → P 1 X the induced morphism, then there exists an exact sequence of exact sequences
We fix the following notations
are two equivariant hermitian embedded vector bundles.
By the functoriality of the first transgression exact sequences, we obtain that
Note that for any exact sequence of equivariant hermitian vector bundles, its first transgression exact sequence is equivariantly and orthogonally split at infinity. So we have an isometry 
Finally, integrating both two sides of the equality above over P 1 and using the first construction of equivariant Bott-Chern secondary classes, we get the identity in this proposition.
A totally similar argument gives a proof of the following proposition.
Proposition 5.8. Let Ξ 0 = (i, N 0 , η, ξ.) be an equivariant hermitian embedded vector bundle with N 0 = (N, h 0 ). Assume that h 1 is another invariant metric on N , we write N 1 = (N, h 1 ) and Ξ 1 = (i, N 1 , η, ξ.), then we have
We now turn to a special case of closed immersion of equivariant projective manifolds, namely the zero section embedding discussed before Definition 4.2. Precisely speaking, let Y be an equivariant projective manifold and let η, N be two equivariant hermitian vector bundles on Y , we denote P = P(N ⊕ O Y ). Let π P : P → Y be the canonical projection and let i ∞ : Y → P be the zero section embedding. As in Definition 4.2, we shall write K(η, N ) for the hermitian Koszul resolution. We have already know that Ξ Kos (η, N ) = (i ∞ , N , η, K(η, N )) is an equivariant hermitian embedded vector bundle associated to Ξ. Sometimes we just write it as K(η, N ) for simplicity.
Theorem 5.9. Let Σ be a set of equivariant hermitian embedded vector bundles which satisfies the condition (Hui). Assume that T is a theory of equivariant singular Bott-Chern classes for Σ. Then the current (π P g ) * T (K(η, N )) is dd c -closed. Moreover, the cohomology class that it represents does not depend on the metrics on η and N so that it determines a characteristic class
Proof. First note that the push-forwards for currents commute with differentials by definition. Then we have
We claim that ( N ) ) is dd c -closed. Actually, one first need to notice that we have the following tautological exact sequence on P
Then, by restricting to the submanifold P 0 = P(N g ⊕ O Yg ), we get a new exact sequence
The 0-degree part of the exact sequence above is the tautological exact sequence on P 0 . Taking the non-zero degree part of this exact sequence we get an isometry 
Then we may compute
which completes the proof of the claim.
Now let h 0 and h 1 (resp. g 0 and g 1 ) be two invariant hermitian metrics on N (resp. η). We write N i = (N, h i ) and η i = (η, g i ). We denote also by h 0 and h 1 the metrics induced on Q ∨ . Then by Proposition 5.7, we have
So using the projection formula and our claim before, we get
On the other hand, applying Proposition 5.7 and Proposition 5.8, we have
We construct the first transgression exact sequence of 0
Now we apply the Koszul construction to the bundles p * Y η 1 and ( N , h N ) and denote by π W the canonical projection from W := P(
By the universal properties of projective space bundle and fibre product, P(
which is isomorphic to P(N ⊕ O Y ) × P 1 and the tautological quotient bundle on W is isomorphic to Q whose definition is similar to that of N . Thus we have
So we have proved that (π P g ) * T (K(η, N )) dose not depend on the choices of the metrics. Thus we have a well-defined class C T (η, N ). The fact that this characteristic class C T (η, N ) belongs to p≥0 H p,p (Y g ) follows from [9, Theroem 1.2.2 (iii)].
Classification of theories of equivariant singular Bott-Chern classes
The aim of this section is to give some results concerning the classification of all possible theories of equivariant singular Bott-Chern classes. We shall prove that a theory of equivariant singular Bott-Chern classes T is totally determined by the characteristic class C T introduced in last section. Our main theorem is the following.
Theorem 6.1. Let Σ be a set of equivariant hermitian embedded vector bundles which satisfies the condition (Hui). Assume that T and T ′ are two theories of equivariant singular Bott-Chern classes for Σ. Then T = T ′ if and only if for any
Proof. One direction is clear. For the other one, we assume that C T = C T ′ . Let Ξ = (i : Y → X, N , η, ξ.) be an element in Σ. As before, we denote by W the deformation to the normal cone and denote by p W the composition of p X and the blow-down map π. Moreover, we write p X : X → X and p P : P → X for the morphisms induced by p W . The morphism p P can be factored as i • π P .
The normal bundle of the immersion j :
. We endow it with the hermitian metric induced by the metric on N and the Fubini-Study metric on O(−1), the corresponding hermitian vector bundle will be denoted by N ′ .
By Theorem 4.8, the restriction of tr 1 (ξ.) to X × {0} is isometric to ξ. and the restriction of tr 1 (ξ.) to X is equivariantly and orthogonally split. Moreover, the restriction of tr 1 (ξ.) to P fits an exact sequence 0 → A. → tr 1 (ξ.)
where A. is an equivariantly and orthogonally split exact sequence. We denote by ε k the exact sequence of the following exact sequence of equivariant hermitian vector bundles
Next, we write U for the current [− log | z | 2 ] on P 1 associated to a locally integrable differential form. Its pull-back to W g is also locally integrable hence defines a current on W g which will be also denoted by U . Note that q W (ig) = q Wg • i W (ig) where i W (ig) is the natural immersion from W (i g ) to W g and the wave front set of T (tr 1 (Ξ)) is contained in the conormal bundle N ′ ∨ g . Hence the wave front sets of U and T (tr 1 (Ξ)) are disjoint so that their product U · T (tr 1 (Ξ)) is a well-defined current on W g . Then, using the properties of equivariant singular Bott-Chern classes in Definition 5.5, the equality
holds in U (X g ). Notice that T (tr 1 (Ξ)) | Xg = T (tr 1 (Ξ) | X ) = ch g (tr 1 (ξ.) | X ) = 0 and by Proposition 5.7, we have
Moreover, using the factorization of p P , we have
By the properties of the Fubini-Study metric, ch g (p * Y η)Td
is invariant under the involution on P 1 which sends z to 1/z. Thus we obtain
since the current U really changes its sign under the involution z → 1/z. Gathering all computations above we finally get the following current equation
A similar current equation for T ′ can be obtained in the same way. By our assumption we have
. This completes the whole proof.
From the proof of Theorem 6.1, it is natural to guess that if we are given an explicit definition of the equivariant characteristic class C, we then get a theory of equivariant singular Bott-Chern classes T such that C T is exactly C. We prove this conjecture in the following theorem. Theorem 6.2. Let Σ be a set of equivariant hermitian embedded vector bundles which satisfies the condition (Hui). Assume that C is an equivariant characteristic class for pairs of vector bundles (η, N ) which appear in the elements (i, N , η, ξ.) ∈ Σ. Then there exists a theory of equivariant singular Bott-Chern classes for Σ such that C T = C.
Proof. For any element Ξ = (i : Y → X, N , η, ξ.) ∈ Σ, we define
Our first aim is to prove that such T does not depend on the choice of the metric on tr 1 (ξ.) or on A. and that such T satisfies all properties in the definition of a theory of equivariant singular Bott-Chern classes.
We denote by h k and h ′ k (resp. g k and g ′ k ) two invariant hermitian metrics on tr 1 (ξ.) k (resp. A k ) such that the resulting hermitian vector bundles all satisfy the requirements in Theorem 4.8. Then, in U (X g ), we have
The first term of the right-hand side vanishes due to Proposition 5.7 and the assumption that the complex A. is orthogonally split for both metrics.
On the other hand, we have by definition
The last term of the right-hand side vanishes because the metrics h k and h ′ k agree each other on X × {0}. The first term vanishes due to the assumption that tr 1 (ξ.) | X is orthogonally split with both metrics. Therefore, combining the two computations above, we know that the definition of T is independent of the metrics on A. and tr 1 (ξ.).
We next prove that the definition of T satisfies the three properties in the definition of a theory of equivariant singular Bott-Chern classes. For the differential equation, we compute
Using the fact that A. and tr 1 (ξ.) | X are equivariantly and orthogonally split we obtain
Secondly, the functoriality property for our definition of T follows from the functoriality property for ch g , ch g and C.
We now prove the normalization property. We first assume that Y = ∅ and ξ. is an equivariantly and orthogonally split exact sequence. This means that if we write
Hence by the construction of tr 1 (ξ.), we know that
This formula implies that k (−1) k ch g (tr 1 (ξ.) k ) is invariant under the involution on P 1 which sends z to 1/z. So the first term in the definition for T vanishes. It is clear that the other two terms also vanish in this special case. Hence we obtain T (ξ.) = 0. Now let Ξ = (i : Y → X, N , η, ξ.) and let B. be an equivariantly and orthogonally split exact sequence of equivariant hermitian vector bundles on X. By [10, Section 1.1], we have
In order to compute T (Ξ ⊕ B.), we consider the following exact sequences
By the additivity of equivariant Bott-Chern secondary characteristic classes, we have ch g (ε k ) = ch g (ε ′ k ). Again using the additivity of equivariant Chern classes, we finally get
At last, we should prove that the equivariant characteristic class C T is exactly equal to C. Note that the arguments above show that T is really a theory of equivariant singular Bott-Chern classes, then as what we have seen in the proof of Theorem 6.1, for any element Ξ = (i : Y → X, N , η, ξ.) ∈ Σ we always have
In particular, for the Koszul construction (i :
Comparing with the definition of T via the characteristic class C, we get i g * C T (η, N ) = i g * C(η, N ) and hence C T (η, N ) = C(η, N ) after composing (π P g ) * . This completes the whole proof.
To end this section, we shall give an example of the set of equivariant hermitian embedded vector bundles which satisfies the condition (Hui) and we shall also give a general way to construct the characteristic class C. Definition 6.3. Let Ξ = (i : Y → X, N , η, ξ.) be an equivariant hermitian embedded vector bundle. The equivariant rank of Ξ is the sequence of locally constant functions (rkη ζ ) ζ∈S 1 . The equivariant codimension of Ξ is the sequence of locally constant functions (rkN ζ ) ζ∈S 1 . When Y = ∅, we shall say that an exact sequence of equivariant hermitian vector bundles on X has arbitrary equivariant rank and arbitrary equivariant codimension. Proposition 6.4. Let (t ζ ) ζ∈S 1 and (s ζ ) ζ∈S 1 be two sequences of natural numbers. Let Σ be a set consisting of all equivariant hermitian embedded vector bundles of equivariant rank less than or equal to (t ζ ) ζ∈S 1 and of equivariant codimension less than or equal to (s ζ ) ζ∈S 1 . Then Σ satisfies the condition (Hui).
Proof. The first requirement in the condition (Hui) is naturally fulfilled by definition. For the second requirement, let (i : Y → X, N , η, ξ.) be an element in Σ and let f : X ′ → X be an equivariant morphism which is transversal to Y . Then f −1 (Y ) either is empty set or has the same codimension as Y . In the first case, we are done. In the second case, we formulate the following Cartesian square
This means that the equivariant hermitian embedded vector bundle (i ′ : Y ′ → X ′ , N ′ , h * η, f * ξ.) is also in Σ. For the last requirement in the condition (Hui), we again let Ξ = (i : Y → X, N , η, ξ.) be an element in Σ. Then the associated Koszul construction Ξ Kos clearly has the same equivariant rank and equivariant codimension as Ξ. Concerning the construction of the deformation to the normal cone, tr 1 (Ξ) clearly has the same equivariant rank as Ξ. Moreover, the normal bundle of
. Note that we assume that P 1 admits the trivial g-action, then (rkN ζ ) ζ∈S 1 = (rkN ′ ζ ) ζ∈S 1 so that tr 1 (Ξ) also has the same equivariant codimension as Ξ. Therefore, we have that tr 1 (Ξ) and Ξ Kos are both elements in Σ.
We finally give a general construction of the characteristic class C for the set Σ in last proposition.
Definition 6.5. Let (ϕ ζ ) ζ∈S 1 be a family of GL(C)-invariant formal power series such that
. And let (ψ ζ ) ζ∈S 1 be a family of GL(C)-invariant formal power series such that
be any formal power series. We define the equivariant character form φ g (η, N ) as
The cohomology class that φ g (η, N ) represents is independent of the choices of the metrics, hence it define a characteristic class. We denote it by C(η, N ).
Then the following corollary follows immediately from Theorem 6.1 and Theorem 6.2.
Corollary 6.6. Let Σ be the set of equivariant hermitian embedded vector bundles defined in Proposition 6.4. Let C be an equivariant characteristic class for pairs of equivariant hermitian vector bundles given in the way as in Definition 6.5. Then there exists a unique theory of equivariant singular Bott-Chern classes T for Σ such that C T is equal to C.
Compatibility with the projection formula
As usual, let Σ be a set of equivariant hermitian embedded vector bundles which satisfies the condition (Hui). In this section, we shall give the sufficient and necessary condition for a theory of equivariant singular Bott-Chern classes to be compatible with the projection formula. This can be regarded as an example of how the properties of the characteristic class C T are reflected in the corresponding theory of equivariant singular Bott-Chern classes.
Now, let Ξ = (i : Y → X, N , η, ξ.) be an equivariant hermitian embedded vector bundle in Σ. For any equivariant hermitian vector bundle κ on X, we define
Note that Ξ ⊗ κ is also an equivariant hermitian embedded vector bundle according to the projection formula. We assume that Σ is big enough so that Ξ ⊗ κ and all equivariant hermitian embedded vector bundle appearing below belong to it.
Definition 7.1. Let notations and assumptions be as above. A theory of equivariant singular Bott-Chern classes T for Σ is said to be compatible with the projection formula if
Proposition 7.2. Let notations and assumptions be as above. Then
Proof. As before, denote by p W the composition of the blow-down map π and the projection p X : X × P 1 → X. Then by the construction of tr 1 (·), we have tr 1 (ξ. ⊗ κ) = tr 1 (ξ.) ⊗ p * W κ. Then, on one hand, we have
On the other hand, the Koszul resolution of i * (η ⊗ i * κ) is given by
Then for each k, if we write ε k ⊗ p * P κ for the exact sequence
we will get
Combing the two computations above and the unique expression of T via C T , we get the equality in the statement of this proposition.
3. An equivariant characteristic class C for pairs of equivariant hermitian vector bundles is said to be compatible with the projection formula if it satisfies
The following is the main theorem in this section. Proof. We first assume that C T is compatible with the projection formula, then we compute
Therefore, by Proposition 7.2, T is compatible with the projection formula.
For the other direction, assume that T is compatible with the projection formula. Using the definition of C T , we compute
This implies that C T is compatible with the projection formula.
Uniqueness of equivariant singular Bott-Chern classes
Let Σ be any set of equivariant hermitian embedded vector bundles which satisfies the condition (Hui) and whose elements have bounded equivariant ranks and bounded equivariant codimensions. By Corollary 6.6, it is possible to attach Σ a theory of equivariant singular Bott-Chern classes. But unfortunately, such a theory is not unique. Our aim in this section is to show that if we add another axiom to Definition 5.5, we will get a unique theory of equivariant singular Bott-Chern classes for Σ without the limitation of the bounds of equivariant rank and codimension. Such a theory will be called a theory of equivariant homogeneous singular Bott-Chern classes. We shall also compare it with the theory of equivariant singular Bott-Chern currents defined by J.-M. Bismut in [4] .
Our startint point is again the Koszul construction. Let Y be an equivariant projective manifold. Assume that we are given two equivariant hermitian vector bundles η and N on Y . Let P = P(N ⊕ O Y ), P 0 = P(N g ⊕ O Yg ) and let i ∞ be the zero section embedding. Suppose that T is a theory of equivariant singular Bott-Chern classes for Σ. Then by definition, we have
Therefore, the class
satisfies the following differential equation
Note that by our descriptions in Proposition 4.9 (iii) and (iv), the current c rkQg (
Then it is natural to introduce the following definition. Proof. We shall use a uniqueness theorem of the Euler-Green class in non-equivariant case. That's the following.
be a zero section embedding in non-equivariant setting. Denote D ∞ = P(N ). Then there exists a unique class e(P, Q, i ∞ ) ∈ U rkQ−1,rkQ−1 (P ) such that
We refer to [5, Lemma 9.4 ] for a proof of this lemma. One just need to pay attention to two points. Firstly, the restriction isomorphism on analytic Deligne cohomology should be changed to H rkQ−1,rkQ−1 (P ) ∼ = H rkQ−1,rkQ−1 (D ∞ ) on Dolbeault cohomology which can be deduced from the classical projective bundle theorem for deRham cohomology and Hodge decomposition. Secondly, the existence of a preimage of c rkQ (Q) − δ Y under dd c is a consequence of [9, Theorem 1.2.1]. What we want to indicate is that this lemma naturally leads to a similar result in the equivariant setting by using Proposition 4.9 (iii) and (iv). The result reads: there exists a unique class e(P, Q, i ∞ ) ∈ Im( U rkQg−1,rkQg−1 (P 0 ) ֒→ U rkQg−1,rkQg−1 (P g )) such that dd c e(P, Q, i ∞ ) = c rkQg (Q g | P 0 ) − δ Yg and e(P, Q, i ∞ ) | D∞,g = 0. Moreover, by convention, we shall identify D −1,−1 (P g ) with the zero space. Now assume that T is a theory of equivariant homogeneous singular Bott-Chern classes. Since the restriction of the Koszul resolution K(η, N ) to D ∞,g is equivariantly and orthogonally split, then we have T (K(η, N )) | D∞,g = 0. Thus the restriction of the Euler-Green class e T (η, N ) to D ∞,g is equal to 0 by definition. Therefore, by uniqueness, we get e T (η, N ) = e(P, Q, i ∞ ) and hence
This equation implies that the characteristic class
is independent of the theory T . So the uniqueness of T follows from Theorem 6.1.
For the existence, we define
By the differential equation that e(P, Q, i ∞ ) satisfies, one can easily prove that C(η, N ) is dd cclosed. This is the only important point for us to use the same principle as in the proof of Theorem 6.2 to define a theory of equivariant homogeneous singular Bott-Chern classes T such that C T = C. The last equality says that C(η, N ) is actually independent of the choices of the metrics since C T is so. Thus we can just write
And this is compatible with Theorem 6.2.
Since the class e(P, Q, i ∞ ) has nothing to do with the vector bundle η, the following remark looks more natural. 
which we call equivariant homogeneous singular Bott-Chern class, satisfying the following properties
(i). (Differential equation)
The following equality holds
Proposition 8.7. The theory of equivariant homogeneous singular Bott-Chern classes is compatible with the projection formula.
Proof. By definition, we compute
Then this proposition follows from Theorem 7.4
The equivariant and non-equivariant homogeneous singular Bott-Chern classes are related by the following proposition.
Proposition 8.8. Let S h be the non-equivariant homogeneous singular Bott-Chern classes defined in [5] . Assume that η is an equivariant hermitian vector bundle whose restriction to the fixed point submanifold has no non-zero degree part. Then we have
Proof. We first suppose that η is the trivial bundle O Y equipped with the trivial g-structure.
By equation [5, (9.8) ], we have
where i ∞,0 is the zero section embedding from Y g to P 0 = P(N g ⊕ O Yg ). Note that by the definition of homogeneity in our paper, the class e(P, Q, i ∞ ) is equal to e(P 0 , Q g , i ∞,0 ) in Im( U rkQg−1,rkQg−1 (P 0 ) ֒→ U rkQg−1,rkQg−1 (P g )). This implies that
In general case, since the restriction of η to Y g is supposed to have no non-zero degree part, we have ch
This equality implies that
) because T h and S h are both compatible with the projection formula.
In general, let X be a complex manifold and let E be a hermitian holomorphic vector bundle of rank r on X. Assume that s is a holomorphic section of E which is transversal to the zero section. Denote by Y the zero locus of s. In [5, Proposition 9.13], the authors have shown that there is a unique way to attach to each (X, E, s) a class of currents e(X, E, s) ∈ U r−1,r−1 (X, N ∨ Y,0 ) which satisfies some axiomatic properties. Such class was also constructed by J.-M. Bismut, H. Gillet and C. Soulé in [2] . We shall use this fact to generalize Proposition 8.8 in the following way. Assume that all notations above are g-equivariant, then there is a global equivariant Koszul resolution
So we get an equivariant hermitian embedded vector bundle (i, N X/Y , O Y , K(E)) such that N X/Y is isometric to i * E. One can carry out the proof of [5, Prop. 9 .18] word by word (adding subscript g) to prove the following equality
This equality and [5, Prop. 9 .18] imply the following result.
Proposition 8.9. Let notations and assumptions be as above, then we have
We now recall the construction of the equivariant Bott-Chern singular currents given by J.-M. Bismut in [4] . This construction was realized via some current valued zeta function which involves the supertraces of Quillen's superconnections. We would like to indicate that Bismut's singular current defines a class which agrees with our definition of equivariant singular BottChern class only in some certain situation. Nevertheless, it is easy to use Bismut's results to define a theory of equivariant singular Bott-Chern classes in the sense of Definition 5.5. We shall prove that such a theory is homogeneous.
Let i : Y → X be a closed immersion of equivariant projective manifolds, and let Ξ = (i, N , η, ξ.) be an equivariant hermitian embedded vector bundle. We denote the differential of the complex ξ. by v. Note that ξ. is acyclic outside Y and the homology sheaves of its restriction to Y are locally free. We write H n = H n (ξ. | Y ) and define a Z-graded bundle H = n H n . For y ∈ Y and u ∈ T X y , we denote by ∂ u v(y) the derivative of v at y in the direction u in any given holomorphic trivialization of ξ. near y. Then the map ∂ u v(y) acts on H y as a chain map, and this action only depends on the image z of u in N y . So we get a chain complex of holomorphic vector bundles (H, ∂ z v).
Let π be the projection from the normal bundle N to Y , then we have a canonical identification of Z-graded chain complexes
Moreover, such an identification is an identification of g-bundles. By finite dimensional Hodge theory, for each y ∈ Y , there is a canonical isomorphism
where v * is the dual of v with respect to the metrics on ξ.. This means that H can be regarded as a smooth Z-graded g-equivariant subbundle of ξ so that it carries an induced g-invariant metric. On the other hand, we endow ∧ • N ∨ ⊗ η with the metric induced from N and η. Proof. This is [4, Proposition 3.5].
Let ∇ ξ be the canonical hermitian holomorphic connection on ξ., then for u > 0, we may define a g-invariant superconnection
on the Z 2 -graded vector bundle ξ. Let Φ be the map α ∈ ∧(T * R X g ) → (2πi) −degα/2 α ∈ ∧(T * R X g ) and denote (Td
Lemma 8.12. Let N H be the number operator on the complex ξ. i.e. it acts on ξ j as multiplication by j, then for s ∈ C and 0 < Re(s) < is well-defined on X g and it has a meromorphic continuation to the complex plane which is holomorphic at s = 0.
Definition 8.13. The equivariant Bott-Chern singular current on X g associated to the resolution ξ. is defined as T g (ξ.) := ∂ ∂s | s=0 Z g (ξ.)(s).
Theorem 8.14. The current T g (ξ.) is a sum of (p, p)-currents and it satisfies the differential equation dd c T g (ξ.) = i g * ch g (η)Td
Moreover, the wave front set of T g (ξ.) is contained in N ∨ g,0 .
For any equivariant hermitian embedded vector bundle Ξ 0 = (i, N , η, (ξ., h ξ 0 )), we may construct a new embedded bundle Ξ 1 = (i, N , η, (ξ., h Proof. We first show that T B (Ξ 0 ) is well-defined. Actually, let Ξ 2 = (i, N , η, (ξ., h ξ 2 )) be another embedded bundle such that the metrics h ξ 2 satisfy Bismut assumption (A), then by [14, Theorem 3.14] we have
Note that we have the equality
So we obtain that T B (Ξ 0 ) does not depend on the choice of the metrics which satisfy Bismut assumption (A) and hence it is well-defined.
Secondly, the fact that the equivariant singular current T B (Ξ 0 ) satisfies the differential equation in Definition 5.5 follows from Theorem 8.14 and the definition of ch g .
The functoriality property for T B (Ξ 0 ) follows from the same property for T g and for ch g .
For the normalization property, let A. be an equivariantly and orthogonally split exact sequence of equivariant hermitian vector bundles, then using [14, Theorem 3.14] again we have At last, by [14, Lemma 3.15] , with the hypothesis before Proposition 8.9 we have the following equality
Since T B and T h are both compatible with the projection formula, this equality implies that C T B = C T h and hence T B = T h by Theorem 6.1. So T B is homogeneous which completes the whole proof.
Concentration formula
In the last section, we shall prove a concentration formula for equivariant homogeneous singular Bott-Chern class. We call it concentration formula because it can be used to prove a statement which generalizes the concentration theorem in algebraic K-theory (cf. [17] ) to the context of Arakelov geometry. We deal with this in another paper. Before describing the concentration formula, we introduce some basic concepts.
Definition 9.1. Let X be a complex manifold and let ξ. be a bounded complex of hermitian vector bundles on X. We say ξ. is standard if the homology sheaves of ξ. are all locally free and they are endowed with some hermitian metrics. We shall write a standard complex as (ξ., h H ) to emphasize the choice of the metrics on homology sheaves. Now let X be a µ n -equivariant projective manifold, we consider a special closed immersion i : X g ֒→ X. For an equivariant hermitian embedded vector bundle Ξ = (i, N , η, ξ.), we always assume that the metrics on ξ. satisfy Bismut assumption (A). In this case, the restriction of ξ. to X g is a standard complex according to our discussion in last section, the metrics on homology bundles are induced by the metrics on ξ. | Xg . Note that we can split ξ. | Xg into a series of short exact sequences 0 → Im → Ker → ∧ • N ∨ ⊗ η → 0 and 0 → Ker → ξ. | Xg → Im → 0.
Denote the alternating sum of the equivariant secondary characteristic classes of the short exact sequences above by ch g (ξ., h H ) such that it satisfies the following differential equation
With this observation, we can introduce the following proposition.
Proposition 9.2. Let χ : 0 → η n → · · · → η 1 → η 0 → 0 be an exact sequence of equivariant hermitian vector bundles on X g , and let ε : 0 → ξ n,· → · · · → ξ 1,· → ξ 0,· → 0 be an exact sequence of resolutions of i * χ on X. As usual we write ε k for the exact sequence 0 → ξ n,k → · · · → ξ 1,k → ξ 0,k → 0.
Then we have the following equality in A(X g ) n j=0
(−1) j ch g (ξ j,· , h H ) = ch g (χ)Td
Proof. Note that the fixed point submanifold of X × P 1 is exactly X g × P 1 , we know that the construction of the first transgression exact sequence is compatible with restriction to the fixed point submanifold. This means tr 1 (ε.) j | Xg ×P 1 is equal to tr 1 (ε. | Xg ) j . Therefore, one can use the same approach as in the proof of Proposition 5.7 to verify the equality in the statement of this proposition. Combing these computations above, we may reformulate T h (Ξ) as
Similar to tr 1 (ξ.) | W 0 , K(η, N ) | P 0 is also a standard complex. Since the metrics on the Koszul resolution are supposed to satisfy Bismut assumption (A), we know that ch g (K(η, N ) | P 0 , h H ) is equal to 0. Then by Proposition 9.2, we have that
Together with the fact that tr 1 (ξ.) | Xg ×{0} is isometric to ξ. | Xg , we finally get
which completes the proof.
